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This […] symposium will facilitate
● cross-communication and potential collaboration on 

statistical applications among researchers from mathematics, statistics, 
and nuclear/particle physics […] 

● try to fill a knowledge gap and provide a unique opportunity for 
physicists who are unfamiliar with Bayesian methods to start applying 
them to new problems
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(First) Direct detection of gravitational waves ligo.caltech.edu

Nobel Prize 2017

LIGO

Binary Neutron-Star Merger

+ Virgo
+ GEO600
+ …

multi-messenger 
astronomy
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Neutron stars e.g., Watts et al., Rev. Mod. Phys. 88, 021001

LIGO

Binary Neutron-Star Merger

R ~ (10−14) km 

M ~ (1.4−2.0) Msun

n ~ (1−10) n0 

n0 ~ 2.7 • 1014 g cm-3
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Erler et al., Nature 486, 509–512

How to predict properties of nuclei?

Where do heavy elements come from?

How does the nuclear chart emerge from QCD?

quantum
chromodynamics

observables

effective 
field theory

many-body
framework

see Z. Davoudi’s talk
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quantum
chromodynamics

observables

effective 
field theory

many-body
framework

chiral effective field theory
systematic expansion of nuclear forces

truncation error estimates

many-body perturbation theory
computational efficient 

many-body uncertainty estimates

equation of state
neutron-star matter | nuclear saturation

see also Hebeler et al., ARNPS 65, 457

…NPLQCD
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Next-generation supercomputers

Summit @ ORNL

202 752 CPU Cores
27 648 NVIDIA GPUs

122.3 peta flops

#1

Hagen et al., Nat. Phys. 12, 186
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Central quantity

Equation Of State

total density
neutron excess
temperature

E

A
(n, �, T )

<latexit sha1_base64="h81BJvHrYuQkRcykysim+4uYL+I="></latexit>

ground-state energy
per particle of a system

n = nn + np
<latexit sha1_base64="X9GqhBoIYQ6le8YE39DTWoNViss="></latexit>

� =
nn � np

n
<latexit sha1_base64="RdmTVNXJfG+VC6/wj23wJbW08zQ="></latexit>

consisting of neutron and protons

neutron | proton density
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Homogeneous nuclear matter

symmetric matter

arbitrary proton fraction

neutron matter

~n2⁄3

15 MeV

nn0

E
A 

-16 MeV

saturation
Hagen et al., Nat. Phys. 12, 186

theoretical testbed for nuclear forces 
with important consequences for EOS

saturation point
(n0 ~ 0.16 fm–3, av ~ 16 MeV)

incompressibility (K ~ 240 MeV)
symmetry energy (Esym ~ 32 MeV) 
and its slope (L ~ 55 MeV) at n0
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constraints from

Mass–radius relation see, e.g., Greif et al., MNRAS 485, 4

mass–radius relation

+ causality
+ Mmax ≥ 1.97 Msun

+ GW170817, …TOV eqs.

R1.4M� = 9.7� 13.9 km
<latexit sha1_base64="6rvjxIEGZp6/zl6xFevSMPf3Rqg="></latexit><latexit sha1_base64="JVlllqC6tohTX01aRB0YtVrqGlY="></latexit><latexit sha1_base64="JVlllqC6tohTX01aRB0YtVrqGlY="></latexit><latexit sha1_base64="Q2rmIWLH0md0R+KaLgJjiNbbT9Q=">AAACF3icbVBNS8NAEN34bf2KevSyWAQPGhIVqgeh6MWLUMXWQlPCZrvVpZts2J2IJeRfePGvePGgiFe9+W/c1Bz8ejDweG+GmXlhIrgG1/2wxsYnJqemZ2Yrc/MLi0v28kpLy1RR1qRSSNUOiWaCx6wJHARrJ4qRKBTsMhwcF/7lDVOay/gChgnrRuQq5n1OCRgpsJ3zIPOcPexvnQaZL3sS8hwf4gOnhrext+scGAf7wG4hG0R5JbCrruOOgP8SryRVVKIR2O9+T9I0YjFQQbTueG4C3Ywo4FSwvOKnmiWEDsgV6xgak4jpbjb6K8cbRunhvlSmYsAj9ftERiKth1FoOiMC1/q3V4j/eZ0U+vvdjMdJCiymX4v6qcAgcRES7nHFKIihIYQqbm7F9JooQsFEWYTg/X75L2ntOJ7reGdutX5UxjGD1tA62kQeqqE6OkEN1EQU3aEH9ISerXvr0XqxXr9ax6xyZhX9gPX2CSATnCM=</latexit>

M > 2.4M�
<latexit sha1_base64="+I2CD9uTIURmtNRR7B39LWFjJQ4=">AAACBHicbVBNS8NAEJ34WetX1WNBFovgQUJSBD0WvHgpVLAf0JSy2W7apZts3N0IJfTQi3/Fgx4U8eqP8Oa/cdP2oK0PBh7vzTAzz485U9pxvq2V1bX1jc3cVn57Z3dvv3Bw2FAikYTWieBCtnysKGcRrWumOW3FkuLQ57TpD68zv/lApWIiutOjmHZC3I9YwAjWRuoWilXk9em94jjSqGxfIO+82k090RN63C2UHNuZAi0Td05KlePJcwUAat3Cl9cTJAlppAnHSrVdJ9adFEvNCKfjvJcoGmMyxH3aNjTCIVWddPrEGJ0apYcCIU2ZW6bq74kUh0qNQt90hlgP1KKXif957UQHV52URXGiaURmi4KEIy1QlgjqMUmJ5iNDMJHM3IrIAEtMtMktb0JwF19eJo2y7Tq2e2vSyKLIkIMinMAZuHAJFbiBGtSBwASe4BXerEfrxXq3PmatK9Z85gj+wPr8AUPpmLc=</latexit><latexit sha1_base64="j8VJ502ltfgFeqgZxE0Ktx2USyY=">AAACBHicbVDLSsNAFJ3UV62vqCspyGARXEhJiqDLghtBChXsA5oQJpNJO3SSiTMToYQuuvFXXOhCEbfu/AF3/o3Tx0JbD1w4nHMv997jJ4xKZVnfRm5peWV1Lb9e2Njc2t4xd/eakqcCkwbmjIu2jyRhNCYNRRUj7UQQFPmMtPz+5dhv3RMhKY9v1SAhboS6MQ0pRkpLnlmsQadL7iRDsYKV8hl0Tmte5vCAq6FnlqyyNQFcJPaMlKqHo6dr8XlQ98wvJ+A4jUisMENSdmwrUW6GhKKYkWHBSSVJEO6jLuloGqOISDebPDGEx1oJYMiFLn3LRP09kaFIykHk684IqZ6c98bif14nVeGFm9E4SRWJ8XRRmDKoOBwnAgMqCFZsoAnCgupbIe4hgbDSuRV0CPb8y4ukWSnbVtm+0WlUwRR5UARH4ATY4BxUwRWogwbAYAQewQt4NR6MZ+PNeJ+25ozZzD74A+PjBxQImhI=</latexit><latexit sha1_base64="j8VJ502ltfgFeqgZxE0Ktx2USyY=">AAACBHicbVDLSsNAFJ3UV62vqCspyGARXEhJiqDLghtBChXsA5oQJpNJO3SSiTMToYQuuvFXXOhCEbfu/AF3/o3Tx0JbD1w4nHMv997jJ4xKZVnfRm5peWV1Lb9e2Njc2t4xd/eakqcCkwbmjIu2jyRhNCYNRRUj7UQQFPmMtPz+5dhv3RMhKY9v1SAhboS6MQ0pRkpLnlmsQadL7iRDsYKV8hl0Tmte5vCAq6FnlqyyNQFcJPaMlKqHo6dr8XlQ98wvJ+A4jUisMENSdmwrUW6GhKKYkWHBSSVJEO6jLuloGqOISDebPDGEx1oJYMiFLn3LRP09kaFIykHk684IqZ6c98bif14nVeGFm9E4SRWJ8XRRmDKoOBwnAgMqCFZsoAnCgupbIe4hgbDSuRV0CPb8y4ukWSnbVtm+0WlUwRR5UARH4ATY4BxUwRWogwbAYAQewQt4NR6MZ+PNeJ+25ozZzD74A+PjBxQImhI=</latexit><latexit sha1_base64="c80ly8JvjS/kRHLTEch/5Ts3Sk8=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgQkpSBF0W3LgpVLAPaEKYTCbt0MlMnJkIJXThxl9x40IRt36EO//GaZuFth64cDjnXu69J0wZVdpxvq3S2vrG5lZ5u7Kzu7d/YB8edZXIJCYdLJiQ/RApwignHU01I/1UEpSEjPTC8fXM7z0Qqajgd3qSEj9BQ05jipE2UmBXW9AbknvFENewUb+A3nkryD0RCT0N7JpTd+aAq8QtSA0UaAf2lxcJnCWEa8yQUgPXSbWfI6kpZmRa8TJFUoTHaEgGhnKUEOXn8yem8NQoEYyFNGVumau/J3KUKDVJQtOZID1Sy95M/M8bZDq+8nPK00wTjheL4oxBLeAsERhRSbBmE0MQltTcCvEISYS1ya1iQnCXX14l3UbdderurVNrNos4yqAKTsAZcMElaIIb0AYdgMEjeAav4M16sl6sd+tj0Vqyiplj8AfW5w/ZRZbt</latexit>

M > 1.97M�
<latexit sha1_base64="N1fnpH/hTbcH7Fd0YdQH+OgC8gE=">AAACBXicbVBNS8NAEJ34WetX1KMii0XwICXxUr0VvHgpVLAf0ISy2W7bpZts3N0IJfSgF/+KIB4U8ep/8Oa/cdP2oK0PBh7vzTAzL4g5U9pxvq2FxaXlldXcWn59Y3Nr297ZrSuRSEJrRHAhmwFWlLOI1jTTnDZjSXEYcNoIBpeZ37ijUjER3ehhTP0Q9yLWZQRrI7XtgwryevRWcRxp5BYvSsg7rbRTT3SEHrXtglN0xkDzxJ2SQvnw/rkMANW2/eV1BElCGmnCsVIt14m1n2KpGeF0lPcSRWNMBrhHW4ZGOKTKT8dfjNCxUTqoK6Qpc8xY/T2R4lCpYRiYzhDrvpr1MvE/r5Xo7rmfsihONI3IZFE34UgLlEWCOkxSovnQEEwkM7ci0scSE22Cy5sQ3NmX50n9rOg6RffapJFFkSEH+3AEJ+BCCcpwBVWoAYEHeIJXeLMerRfr3fqYtC5Y05k9+APr8wfKLpj8</latexit><latexit sha1_base64="MsXt1A6EYs97DU9ThRBWMNTBk04=">AAACBXicbVDLSsNAFJ3UV62vqCtRZLAILqQkbqq7ghtBChXsA5oQJpNJO3SSiTMToYQudOOvCOJCEbeu/AF3/o3Tx0JbD1w4nHMv997jJ4xKZVnfRm5ufmFxKb9cWFldW98wN7cakqcCkzrmjIuWjyRhNCZ1RRUjrUQQFPmMNP3e+dBv3hIhKY+vVT8hboQ6MQ0pRkpLnrlXhU6H3EiGYgXt0lkZOsdVL3N4wNXAM4tWyRoBzhJ7QoqV/bunS/G5U/PMLyfgOI1IrDBDUrZtK1FuhoSimJFBwUklSRDuoQ5paxqjiEg3G30xgIdaCWDIhS59zEj9PZGhSMp+5OvOCKmunPaG4n9eO1XhqZvROEkVifF4UZgyqDgcRgIDKghWrK8JwoLqWyHuIoGw0sEVdAj29MuzpHFSsq2SfaXTqIAx8mAXHIAjYIMyqIALUAN1gME9eAQv4NV4MJ6NN+N93JozJjPb4A+Mjx+aTZpX</latexit><latexit sha1_base64="MsXt1A6EYs97DU9ThRBWMNTBk04=">AAACBXicbVDLSsNAFJ3UV62vqCtRZLAILqQkbqq7ghtBChXsA5oQJpNJO3SSiTMToYQudOOvCOJCEbeu/AF3/o3Tx0JbD1w4nHMv997jJ4xKZVnfRm5ufmFxKb9cWFldW98wN7cakqcCkzrmjIuWjyRhNCZ1RRUjrUQQFPmMNP3e+dBv3hIhKY+vVT8hboQ6MQ0pRkpLnrlXhU6H3EiGYgXt0lkZOsdVL3N4wNXAM4tWyRoBzhJ7QoqV/bunS/G5U/PMLyfgOI1IrDBDUrZtK1FuhoSimJFBwUklSRDuoQ5paxqjiEg3G30xgIdaCWDIhS59zEj9PZGhSMp+5OvOCKmunPaG4n9eO1XhqZvROEkVifF4UZgyqDgcRgIDKghWrK8JwoLqWyHuIoGw0sEVdAj29MuzpHFSsq2SfaXTqIAx8mAXHIAjYIMyqIALUAN1gME9eAQv4NV4MJ6NN+N93JozJjPb4A+Mjx+aTZpX</latexit><latexit sha1_base64="UANHtvCtCHNZAWKPuQXJjFxSSm0=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZTETXVXcOOmUME+oAlhMpm0QyczcWYilNCNG3/FjQtF3PoP7vwbp20W2nrgwuGce7n3njBlVGnH+bZKK6tr6xvlzcrW9s7unr1/0FEik5i0sWBC9kKkCKOctDXVjPRSSVASMtINR9dTv/tApKKC3+lxSvwEDTiNKUbaSIF93ITegNwrhriGbu2qDr3zZpB7IhJ6EthVp+bMAJeJW5AqKNAK7C8vEjhLCNeYIaX6rpNqP0dSU8zIpOJliqQIj9CA9A3lKCHKz2dfTOCpUSIYC2nKHDNTf0/kKFFqnISmM0F6qBa9qfif1890fOnnlKeZJhzPF8UZg1rAaSQwopJgzcaGICypuRXiIZIIaxNcxYTgLr68TDoXNdepubdOtdEo4iiDI3ACzoAL6qABbkALtAEGj+AZvII368l6sd6tj3lrySpmDsEfWJ8/X5mXMg==</latexit>

Hebeler et al., 
APJ 773, 11
see also Gandolfi et al., 
PRC 85, 032801

extrapolated

EFT
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Hebeler et al., 
APJ 773, 11
see also Gandolfi et al., 
PRC 85, 032801

[NASA]

NICER 

extrapolated

EFT
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Nuclear saturation see also Hoppe, CD, Hebeler et al., PRC 100, 024318

Finite Nuclei

magic 1.8 / 2.0 (EM) agrees 
well with experimental data!

Homogeneous Matter

CD, Hebeler, Schwenk, PRL 122, 042501

Simonis, Stroberg et al., 
PRC 96, 014303

(λ / Λ3N)

(Λ)

symmetric matter

arbitrary proton fraction

neutron matter

~n2⁄3

15 MeV

nn0

E
A 

-16 MeV
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Derived quantities: pressure

Leonhardt, Pospiech, Schallmo, 
Braun, CD, Hebeler, Schwenk,

arXiv:1907.05814

P (n, �) = n2 @E/A

@n
(n, �)

<latexit sha1_base64="/e+OnteiRbi8OALwPMdoNKqsuXY=">AAACLnicbVDLSgMxFL1T3/U1PnZugkWoIHWmCroRqiK4rGAf0NaSSTM1mMkMSUYoQ7/Ijb+iC0FF3PoZptOC1npJ4Nxz77nJPV7EmdKO82plpqZnZufmF7KLS8srq/baelWFsSS0QkIeyrqHFeVM0IpmmtN6JCkOPE5r3t35oF67p1KxUFzrXkRbAe4K5jOCtaHa9kU5L/ZQ0xyParyLTpC4Kaa5LzFJmhGWmmGOLvZP+z+Z6KMxWdvOOQUnDTQJ3BHIlTYhjXLbfm52QhIHVGjCsVIN14l0KxmMJ5z2s81Y0QiTO9ylDQMFDqhqJem6fbRjmA7yQ2mu0ChlfysSHCjVCzzTGWB9q/7WBuR/tUas/eNWwkQUayrI8CE/5kiHaOAd6jBJieY9AzCRzPwVkVtsfNLG4awxwf278iSoFgvuQaF4dZgrnQ3dgHnYgm3IgwtHUIJLKEMFCDzAE7zBu/VovVgf1uewNWONNBswFtbXNwX+pZs=</latexit>

EFT seems to match first
constraints from QCD at 
intermediate densities

in future, derivatives 
using GPs instead of 

finite differencing?

pQCD

FRG

EFT

derivative

Pressure
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Q0

Q2

Q3

Q4

modern approach to nuclear forces: 

● QCD is nonperturbative at the 
low-energy scales of nuclear physics

● use relevant instead of the 
fundamental degrees of freedom: 
e.g., nucleons and pions

● pion exchanges and short-range 
contact interactions (∝ LEC)

● systematic expansion enables 
improvable uncertainty estimates

CS,T

C1…7

D1…15

Expansion

Hierarchy of nuclear forces in chiral EFT e.g., Machleidt, Entem, Phys. Rep. 503, 1

Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Krebs, Machleidt, Meißner, ...
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Hierarchy of nuclear forces in chiral EFT e.g., Machleidt, Entem, Phys. Rep. 503, 1

Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Krebs, Machleidt, Meißner, ...
… and ongoing work at N4LO and even N5LO…

Q0

Q2

Q3

Q4

Many-body forces

Expansion

cD cE

no unknown parameters

S.Weinberg

CS,T

C1…7

D1…15

V =
1X

n=0

⇣
C(n)

i V (n)
⌘
Qn

<latexit sha1_base64="nSJKst/dWUgSt/RcXJsHH3nkong="></latexit>

�k = �ref

kX

n=0

cnQ
n
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see also J. Melendez’s and 
D. Phillips’s talk
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e.g., Carlsson, Ekström, Entem, Epelbaum, Forssén, Gezerlis, Krebs, Machleidt, Piarulli, Reinert, Tews

…

Many new potentials available!

see M. Piarulli’s talk
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Efficient Monte Carlo framework CD, Hebeler, Schwenk, PRL 122, 042501

efficient evaluation of diagrams
(single-particle basis) 

● implementing diagrams has become 
straightforward (also particle-hole or 3N terms)

● using automatic code generation based
on analytic expressions

● multi-dimensional momentum integrals: VEGAS
(openMP, MPI, and CUDA)

● computational beast: controlled computation of 
arbitrary interaction or many-body diagrams

analytic form 
of the diagrams

automatic code
generation

EOS up to
high orders

»
»
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Number of diagrams in MBPT Stevenson, Int. J. Mod. Phys. C 14, 1135

1, 3, 39, 840, 27 300, 1 232 280, …

Integer sequence A064732:
Number of labeled Hugenholtz diagrams with n nodes. 

2 n = 3 4 5 6 7 

The number of diagrams increases rapidly!
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Number of diagrams in MBPT Stevenson, Int. J. Mod. Phys. C 14, 1135

1, 3, 39, 840, 27 300, 1 232 280, …

Integer sequence A064732:
Number of labeled Hugenholtz diagrams with n nodes. 

2 n = 3 4 5 6 7 

The number of diagrams increases rapidly!
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quantum
chromodynamics

observables

effective 
field theory

many-body
framework

chiral effective field theory
systematic expansion of nuclear forces

truncation error estimates

many-body perturbation theory
computational efficient 

many-body uncertainty estimates

equation of state
neutron-star matter | nuclear saturation

see also Hebeler et al., ARNPS 65, 457

…NPLQCD
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Neutron and nuclear matter at N3LO CD, Hebeler, Schwenk, PRL 122, 042501

left column: right column:

reduced uncertainties 
due to N3LO contributions!
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Neutron and nuclear matter at N3LO CD, Hebeler, Schwenk, PRL 122, 042501

left column: right column:

reduced uncertainties 
due to N3LO contributions!
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Truncation error analysis: Λ = 450 MeV with Melendez, Furnstahl, Phillips
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Truncation error analysis: Λ = 450 MeV with Melendez, Furnstahl, Phillips
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Questions for discussion(s) I

What is the physical interpretation of the correlation length in 
nuclear matter? Is there a 1:1 mapping from the incompressibility to 
that correlation length? How could we make use of that information?

Our analysis infers a most probable expansion parameter. 
Should one then assume a momentum scale (e.g., kF) to convert 

this to a breakdown scale? Or, should one assume a breakdown scale 
(e.g., 𝛬b) from an NN analysis and convert the expansion parameter to a 

momentum scale in infinite matter?
How should uncertainties from the EOS be propagated to derived 
quantities, e.g., pressure or speed of sound? Will the use of GPs as 
interpolants for the EFT coefficients mean that it is easy to reconstruct 
such quantities which are computed as derivatives of the EOS?
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Questions for discussion(s) II

What is the 2D 68% confidence region on the saturation point? 
How does this change if that region is conditioned not just on EDFs, 
but also on information from ab initio calculations?
What would it take to include data on the empirical saturation point, 

or constraints on the neutron-matter EOS from neutron-star 
observations, in fits of nuclear forces from chiral EFT?

How should we score different chiral EFT forces against such 
data? How many orders are enough given the current accuracy of 
experimental constraints on infinite matter? What degrees of freedom, 
e.g., delta-full vs. chiral EFT, do we need to consider?

How should we deal with soft potentials that cause suppressed 
contributions from odd chiral orders? Separate expansions for 

even | odd orders? What are the implications for truncation errors?
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Summary and outlook

Collaborators:
R. Furnstahl
J. Melendez

D. Phillips

K. Hebeler
K. McElvain
A. Schwenk

Perform zero-T calculations (up to high order)

Work out finite-T extension (to third order)

Construct high-density | temperature EOS

Quantify theoretical uncertainties

1

2

3

4
observational constraints, interface to astrophysics, …

finish developments, study thermodynamic properties, …

resummation, higher-order single-particle spectra, …

Bayesian truncation errors: naturalness, breakdown scale, …


